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Unsteady Subsonic Aerodynamic Loadings Caused by
Control Surface Motions

W. S. Rowe,* B. A. Wintherf, and M. C. Redmant
Boeing Commercial Airplane Company, Renton, Wash.

A numerical method is presented for the prediction of unsteady aerodynamic loadings on lifting
surfaces that are due to oscillations of trailing edge control surfaces having sealed gaps in subsonic
compressible flow. The development is applicable to planform configurations having full span or
multiple partial span control surfaces located anywhere along the planform trailing edge. The final
form of the downwash integral equation is formulated by separating the singular terms from the
non-singular terms of the integral equation. A systematic solution process is developed to remove
and separately evaluate the discontinuities in the kinematic downwash distribution. A suggestion is
made for modifying the boundary conditions to include local velocities due to airfoil thickness ef-
fects within the solution process. Comparisons of theoretical and experimental pressure data indi-
cate that reasonably accurate pressure distributions may be obtained for a wide range of control
surface configurations.

Nomenclature§

bo = reference length
Hj(x,y) = mode shape of mode j
i = (-1)1/2

K(x,£,y,??) = kernel function, Eq. (4)
k = reduced frequency = cobo/V
M = Mach number
PI = pressure on lower surface, [force/area]
Pu = pressure on upper surface, [force/area]
q j = generalized coordinate amplitude for mode 7
s = nondimensional semispan, S/&o
V = freestream velocity, [length/time]
iu/V = kinematic angle of attack or nondimensional normal-

wash
x,y,z = coordinates nondimensional with respect to 60
ft = (1-M2)1/2

p = density of the fluid [mass/length3]
t = time
co- = circular frequency of oscillation [1/time]

Introduction

Historically, numerical methods developed to predict the
unsteady loadings due to control surface motions have
been formulated using the kernel function approach. Dif-
ferences between various methods exist mainly in the
manner in which the pressures are assumed to be distrib-
uted over the surface and in the way in which solution ac-
curacy is maintained.

A relatively successful program was developed earlier in
an attempt to devise a single procedure that may be used
to handle a general class of nonplanar problems which
would not require user foreknowledge of the behavior of the
final pressure distribution in regions of downwash discon-
tinuities. The method is based on the vortex-lattice tech-
nique in which the surface is idealized as a set of lifting
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elements that are modeled as short line segments of accel-
eration-potential doublets.1 The load on each element is
determined by satisfying normal velocity boundary condi-
tions at a set of control points distributed over the sur-
face. However, considerable variation in results may be
obtained depending upon the method used to define the
control point distribution. It appears that results will ap-
proach asymptotic values provided that a sufficiently
large number of control points are used. Asymptotic
values may also be approached using a smaller number of
control points provided that the points are distributed in
a fashion that resembles the distribution of integration
stations defined by integration quadrature formulas used
in the numerical evaluation of functions having singular
characteristics. Therefore, in using a small number of
control points in order to obtain computer efficiency, the
analyst must have knowledge of the various types of
singularities existing in the final pressure distribution be-
fore the control point distribution can be artfully selected
to obtain a converged solution.

Methods developed using the traditional approach of
combining analytically defined pressure distribution func-
tions to satisfy the surface boundary conditions also re-
quire prior knowledge of the behavior of the final pressure
distribution. In this approach the responsibility for ob-
taining converged solutions is placed more on the program
developer rather than on the program user.

Foreknowledge of only the final pressure distribution be-
havior may still prove to be an insufficient criteria in de-
veloping solutions that are insensitive to the distribution
and number of control points used in the analysis. The
work of Ref. 2 is one of the few subsonic methods devel-
oped around the assumed pressure mode approach using
pressure terms that are capable of correctly representing
the known singularity functions around the boundaries of
the control surface. However, the resulting solutions are
also sensitive to the relative location and number of con-
trol point collocation stations used in the analysis. The
sensitivity may be attributed to the particular solution
process being applied that assumes that discontinuous
and continuous downwash distributions may be combined
to satisfy the boundary conditions at a select set of control
points. Changing the control point locations by relatively
small amounts results in large changes in the unsteady
loadings, consequently, the method requires calculation of
downwashes at many stations and seeking solutions in a
least-squares-error sense.
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Fig. 1 Coordinate system definition.

It appears that solution sensitivity may be reduced pro-
vided that the downwash discontinuities are removed
from the kinematic downwash distribution prior to apply-
ing the direct lifting surface solution process. However,
the added step requires an analytical formulation of the
pressure expression having known strengths that will pro-
duce downwash discontinuities having the same values as
contained in the kinematic distribution. Pressure expres-
sions meeting these requirements have been developed by
Landahl3 for the inboard partial span control surface case
and by Ashley and Rowe4 for the case of a control surface
that extends to the planform side edge.

The present work represents an extension of the analyt-
ical methods suggested by Landahl3 to provide a capabili-
ty of predicting unsteady loadings caused by control sur-
face motion that is relatively insensitive to the distribu-
tion and number of control stations placed on the lifting
surface.

Elements of the Integral Equation

The analytical formulation has been developed for anal-
ysis of planform configurations having full span or multi-
ple partial span control surfaces located anywhere along
the planform trailing edge.

The analytical coordinate system is defined for a typical
partial span control surface configuration shown in Fig. 1.

The expression for the lifting surface downwash-pres-
sure relationship derived by Kussner5 provides the basis
for formulating the down wash -integral equation in the fol-
lowing form:

(1)

The pressure distribution AP/(f ,17) is the only unknown
function^ within the equation and is equal to the pressure
difference between lower and upper surfaces defined by
APXf ,1?) =Pi~Pu

The kinematic downwash term [w/V]j is developed on
the basis of the modal representation of the wing deflec-
tion Z for sinusoidal motion

(2)

and is defined as

[ v1, - tf]/

where Hj(x,y) is the deflection shape of the y'th mode and
is in the same dimensional units as 60 and qj is dimen-
sionless.

The subscript (/) is omitted in the remaining sections
with the understanding that the pressure terms being de-
termined are those terms necessary to satisfy the yth mode
shape boundary conditions.

The K(x,Z,y,ri) term represents the kernel function of
the integral equation that describes the surface normal-
wash at (x,y) due to a pulsating pressure doublet located
at (|,iy). The kernel function5 has been reduced to a form
that may be easily evaluated by routine numerical proce-
dure by Watkins, Runyan, and Woolston6 and presented
in a nondimensional form as

T2)1/2

where

h = (*
Singularities contained in Eq. (4) have been identified

and are isolated in the following form:

K8(x,£,y,ri) (5)

where Kns(x,£,y,i)) is the nonsingular part of the kernel
function.

The singular part is given by

' / 2

This expression contains the dipole, inverse square root,
and logarithmic singularities identified in Ref. 6. The last
term of Eq. (6) is not singular but is included since spe-
cial means are required in evaluating the downwashes due
to this term in regions near the down wash chord.

Insertion of the above definitions into the downwash in-
tegral equation results in the following expression to be
evaluated over the surface to satisfy the boundary condi-
tions.

(3)

(7)
Evaluation of the Dipole Term

The downwash contribution due to the dipole term is
evaluated using the method suggested by Hsu.7 The di-
pole integral is given as

Wdp =
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Fig. 2 Dipole coordinate system.

- £ ) 2 + < y - T / ) 2 ] 1 / 2 ] d | d l 7 . (8)

Downwash contribution due to the dipole portion of the
kernel function is accomplished by considering the nor-
malwash at a point (x,y,t) that is located just off of the
surface shown in Fig. 2.

The kernel function describing the normalwash at
(#,y,e) due to a pressure pulse at (£,77,0) is given by

Kw= e'
1
J (9)

where

. . R = (*0
2+ £2r2)1 / 2and*0 = *-;

Using the geometric properties of Fig. 2 given as

r2 — r0
2 + e2; r0 = y$ — ;y - 77 and _^

r

Then Kv^dp takes on the definition
,2 _

(10)

where the terms represented by 0(t2) -* 0 as c —»• 0.
The normalwash at fey,0) is obtained by a limiting

process allowing e —*• 0 after the normalwash integral has
been evaluated as indicated by the following:

= lim — /
6-0 %

-r^l/2 r
x *

(11)

Following the development of Ref. 7, let G(x,y,ri) be the
chordwise integral given as

as 77-̂ 3; this becomes lim G(x,y,r]) = G(x,y,y)
rry

One of the singularities is then subtracted from Eq. (11)
to provide the expression

e-o 3V (y-r?)
rf

(3V
?] (12a)

The finite part of the second integral is equal to the
value of TT, Evaluation of the first integral still needs to be
accomplished by the use of Cauchy integrals, however,
this can be circumvented by subtracting an additional
singularity.

Define
y,rj) -G(x,y,y)]/(y -r?)

H(X,y,y) = - G ( x , y , y ) ]
y — r]

= -(s2-y*)G'(x,y,y)
adding and subtracting ~H(x,y,y) provides the form

H(x,y,ri)-H(x,y>y) dr,

s
H(x,y,y)J

(12b)
The second integral of Eq. (12b) becomes equal to zero

as c —»• 0 and finally the dipole downwash term takes on
the integrable form of

(s2-y2)G'(*..V..v)'
y — TI (13)

It should be noted that, as rj -» y, the integrand of Eq.
(13) tends to take on the definition of a second derivative
of G(x,y,rj) with respect to 77. However, the second deriva-
tive does not exist since the integrand is singular at the
downwash chord 17 = y. Figure 3 represents a plot of the
span-wise distribution of the integrand I(y,y) of Eq. (13)
and displays the singularity existing at the downwash
chord.

y/s

it i i i i I ' rrr^^
-1.0 -0.5

y/s 0.5 1.0
I I

TJ/S

Fig. 3 Spanwise variation of /(y,r/) of Eq. (13).
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Fig. 4 Span wise variation of I(y,ri) of Eq. (13) with singular-
ities of Eq. (14a) removed.

Identification of Spanwise Singularities

The spanwise singularity, observed within the above in-
tegral evaluation of the dipole term, was first identified
by Multhopp8 within the development of the steady-state
lifting surface solution and has been extended by Lasch-
ka9 for inclusion within the unsteady case.

The functional expression of the dipole singularity may
be obtained by developing a Taylor series expansion of
AP(£,7j)e~ikxo about the downwash station and performing
the resulting chord wise integrations. That is, we let
AP(£,7j)e~ikxo be approximated by the Taylor series given
by:

- + . . . (14)+ (n -y) 8£ 97?!-'

The spanwise singularity expression is identified by in-
sertion of Eq. (14) into the chord wise integral Eq. (12)
and performing the integration that results in

)̂2} + REGULAR TERMS
(14a)

Thus the dipole term contains the recognizable dipole
singularity along with an additional logarithmic singular-
ity at the spanwise downwash station.

The third and fourth integrals of Eq. (7) also contain
spanwise singularities that are proportional to ln|y — ij\
and are identified as

{ ln(32(y ~̂ ?)2} + REGULAR TERMS Jdr? (15)

Fig. 5 Chordwise downwash — singularity ignored.

+ REGULAR TERMS } df] (16)
Once the singularities have been determined they may

be subtracted out of the integrand and analytically evalu-
ated outside of the integral.

Figure 4 shows the very smooth spanwise distribution of
the integrand I(y,rj) obtained for the dipole term by sub-
tracting out the identifiable singularities of Eq. (14a). Re-
moval of the singularities allows the use of Legendre-
Gauss quadrature formulas to evaluate the spanwise inte-
gral using only a very small number of quadrature sta-
tions.

As a consequence of the above there are several options
open to the analyst in evaluating the spanwise portions of
the downwash integrals and are 1) ignore the logarithmic
singularity since it is of relatively low power, 2) subtract
the singularities out of the expression and analytically
evaluate their downwash contributions, and 3) apply nu-
merical integration quadrature functions that can evalu-
ate the logarithmic term at the downwash chord.

Numerical investigations have been performed to deter-
mine the validity in using any one of the three integration
options within the control surface program. The analysis
planform is a rectangular wing having a full span flap de-
flected in steady flow providing a downwash discontinuity
value of 1.0 across the hingeline. The assumed pressure
distribution used in the analysis is composed of a chord-
wise singularity term ln(£ — xc)2 and other modifying
terms required to produce the discontinuity in downwash
across the hingeline as well as satisfying the boundary
conditions along the planform edges.

Results of applying option 1) are shown in Fig. 5 where
the integral is evaluated using the interdigiting process
suggested in Ref. 7, where a single Gauss-Mehler quadra-
ture function is applied over the complete span of the
planform. The singularity at the downwash chord is not
recognized by this integration procedure and consequently
the resulting chordwise downwash distribution is smooth
and continuous across the hingeline.

Figure 6 presents the results using the second option
where the singularity is treated by approximating the

Fig. 6 Chordwise downwash—singularity subtracted and
evaluated separately.
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Fig. 7 Chordwise downwash—singularity evaluated by ap-
propriate quadrature formulas.

pressure terms by a Taylor series expansion and removing
the singularity from the spanwise integrand. Equation
(13) has been modified by subtracting the singularities
(identified in Eq. (14a)) and evaluating their effect out-
side of the integral.

The downwash distribution appears to be reasonable at
large distances from the hingeline, however, the down-
wash becomes singular at the hingeline. This is to be ex-
pected since the pressure term used in the analysis to pro-
vide the step function change in boundary conditions
across the hingeline is proportional to m|£ - xc\ which
cannot be approximated by a Taylor series in the vicinity
of the singularity at £ = xc.

The downwash distribution indicates that the control
stations are to be restricted to chordwise locations that
are spaced well away from hingeline where large down-
wash gradients are developed. This restriction may not be
satisfied for analyses of wings having small per cent chord
control surfaces. Large gradients may exist over the
chordwise length of small percent chord control surface
and the resulting solutions would be highly dependent
upon the number and relative locations of the downwash
collocation stations.

Results of applying option 3) to evaluate Eq. (13) are
shown in Fig. 7. The integration interval has been divided
into subregions and appropriate quadrature formulas have
been applied in the subregions, i.e., square root quadra-
ture formulas applied at ends of the interval, logarithmic
quadrature formulas used on either side of the downwash
station, and Legendre quadratures applied within the re-
maining integration intervals.

The resulting downwash distribution does contain the
step function change across the hingeline necessary to sat-
isfy the boundary conditions and does not exhibit any
large gradients near the hingeline that would cause the
solution to be sensitive to the relative locations of the col-
location stations.

Preferred Solution Process

No direct means is available to obtain a closed form so-
lution of the downwash integral equation that satisfies the
boundary conditions exactly everywhere on the surface.
Approximate solutions are used in lieu of an exact solu-
tion process. The approximate solution process is one of
generating a finite set of downwash sheets and con-
structing linear combinations of these sheets to satisfy the
boundary conditions at a finite set of preselected control
points on the surface.

The downwash sheets are obtained through an evalua-
tion of the downwash integral using assumed pressure dis-
tributions that satisfy the required loading conditions on
the planform edges.

The assumption usually made is that if the boundary
conditions are satisfied at a suitable number of control
points distributed over the surface then boundary condi-
tions over the rest of the surface will be satisfied within
small error limits.

The approximate procedure is equivalent to assuming
that the downwash sheets may be represented by a series

of polynomials that are continuous over the surface and
may be combined to satisfy the surface boundary condi-
tions at arbitrary control points.

This procedure provides reasonable results for analyses
of configurations having continuous downwash distribu-
tions, however, it may fail to produce consistently accu-
rate results when applied to analyses of wing-control sur-
face configurations that have discontinuous downwash
distributions.

A more systematic solution process applied to the solu-
tion of planforms having discontinuous downwash distri*
butions is one of developing a mathematical downwash
distribution that has identical discontinuity values that
are contained in the kinematic distribution and subtract-
ing this distribution from the original, thus providing a
downwash distribution that is continuous over the surface
for which the direct lifting surface solution process may be
readily applied.

This preferred solution process for discontinuous down-
wash distributions is given by the matrix equation

\a\ (17)

where Wm0dU>y) is the continuous downwash distribution
obtained by subtracting from the kinematic distribution a
distribution having identical values of discontinuities that
are contained in the kinematic distribution. APS is the
singular pressure distributions that provide the same
discontinuity characteristics contained in the kinematic
downwash distribution. APr is the regular pressure distri-
butions used to define continuous downwash distributions.

Use of the preferred solution process requires two pres-
sure distributions to be defined over the lifting surface
planform. One of the distributions to provide identical
value of downwash discontinuity characteristics as defined
by the kinematic downwash distribution and the second
pressure function to provide smooth and continuous
downwash distributions over the surface.

The pressure distribution resulting from the solution
process is the sum of the pressures that provide the
discontinuity characteristics and the regular pressure dis-
tributions obtained as a solution of modified downwash
distribution Wmo<i(x,y)-

The key to this solution process is the development of
pressure distributions having known strengths that pro-
vide identical values of downwash discontinuities con-
tained in the kinematic distribution.

Pressure distributions having known strengths that pro-
vide identical discontinuity values of downwash across the
boundaries of the control surface have been developed by
Landahl3 for the inboard partial span control surface case
and by Ashley4 for the case of a control surface that ex-
tends to the planform side edge.

Landahl obtained a solution that correctly describes the
pressure variation near the corner of a nonswept inboard
control surface as

- xe)] In | ((« - xc)2

[2ik -k*(t -xc}](n -

^)2)1 / 2-(«-^) |] (18)

Equation (18) may be modified to include hingeline
sweep effects by defining ft to take on the following defini-
tion:
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/32 = (1 -M2 + tan2 A)
The solution obtained by Ashley4 for the case of a non-

swept control surface having a side edge at the wing tip is
given by

C,(0) = e(y)
7T/3

In A + [ 2 f * ( s - r i ) ] 1 (19)

where A = - *c)2 + £2(s - r?) 2 ) 1 7 2 + p(s ~/?)]1 / 2

and j8 takes the definition given above for a swept fringe line.
The distribution appears to be correct since Cp(^rj) ap-

proaches zero having an infinite slope proportional to the
square root of the distance from the wing-tip and also
contains a ln(£ - xc)2 term that provides the proper
streamwise discontinuity in downwash across the hinge-
line.

Loading Functions

The pressure loading functions are defined over the sur-
face only in terms of the pressure loadings caused by mo-
tions of the right hand side control surface. For symmetri-
cal control surface deflections, the pressure distributions
over the lifting surface due to motions of the left hand
side control surface are identical to that of the right hand
side, but are reversed left to right, as in a mirror image.
Consequently, the complete symmetrical or antisymmetri-
cal loadings may be formulated using only the pressure
expression due to motions of the right hand side control
surface. This is accomplished for the symmetrical case by
defining the total pressure existing at an (77) station to be
the sum of the pressure at (+17) and those at (-77) within
;the pressure expression describing the loadings caused by
motions of the right hand side control surface. The total
antisymmetrical loadings at an (77) station are formulated
by subtracting the loadings at (-77) from those at (+77)
within the pressure expression defining loadings caused by
motions of the right hand side control surface.

Loading functions are presented here only for the con-
trol surface having a side edge at the wing tip and may be
easily modified to include the inboard control surface
case.

Pressure distributions obtained by the asymptotic ex-
pansion process are valid only in localized regions of the
planform since the distributions of the outer regions have
not been defined nor matched with the inner region solu-
tions. However, the essential part of the pressure distribu-
tion that provides the discontinuities in downwash along
the control surface edges is defined by the inner region so-
lution. The distribution in the outer regions may take on
any convenient form that satisfies the required loading
condition along the edges of the planform since a unique
distribution is not being determined at this stage of the
solution process. Consequently, the surface pressure load-
ing functions that provide the downwash discontinuities
are obtained by extending the applicable range of the so-
lutions and modifying these distributions to meet the con-
dition of having the pressures vanish in proportion to the
square root of the distance from the edges.

Loading Functions—Wing Tip Partial-Span Controls

The pressure loading functions for configurations having
a control surface side edge at the planform side edge are
formulated in the following manner:

= 4pF2 (20)
where

= -g\(n)

The £1(77) and £2(77) functions provide symmetric or
antisymmetric analysis capability and are defined as

gi(n)'=
(21)

where
SF = 1.0 for symmetric analyses

SF = -1.0 for antisymmetric analyses

The £1^(77 ) and g2R(rj) functions turn on the singularity
at the planform side edge and turn it off at the inboard
side edge of the control surface at 77 = yt.

A-[2p(s - 11/2

-Ml)

.{(s -i

(22)

-In /32(s - - (x, -xc)\ ]

/3»(y , -7 ; ) 2 ] 1 / 2 - (« -xe)\

-In [(x,-Xc)2 + /32(y f -T,)2]"2 - (x, -xc)\ }} (23)

The ei(£) factor on giR(i)) modifies the chordwise pres-
sure function such that the pressure vanishes at the lead-
ing and trailing edge in a square root manner and main-
tains the required strength at the hingeline to provide the
discontinuities across the hingeline.

The e2(f ,77,ys) factor contained in g2R(rj) forces the pres-
sures to vanish having an infinite slope everywhere along
the trailing edge except at the control surface side edge
where the singularity strengths are maintained to provide
the proper change in boundary- condition across the side
edge . Using y s to represent y t or y 0

The modifying side edge function 63(^,77,5) maintains
the proper singularity strength at the side edge and forces
the pressure to vanish at the trailing edge with an infinite
slope.

i / 2 (25)

The hi(ij) and hr(rj) are the modifying functions that
satisfy the planform edge boundary condition while main-
taining a second derivative continuity in spanwise load-
ings and are defined as

fs(r1)=
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1.0

'-]'"[-i
*,fa) =

(s-y,?
-11/21- !

- J L 1 + 2
1.0 t] <y{

(26)
Insertion of the above loading functions into the down-

wash integral provides mathematical downwash sheets
having identical discontinuity distributions as contained
in the kinematic distribution. Subtraction of these down-
wash sheets from the kinematic distribution results in a
modified downwash distribution for which direct solutions
may be obtained using a regular lifting surface pressure
distribution defined by

(27)
where anrn are the unknown coefficient multipliers

1,3,5. ... symmetrical
2,4,6. ... antisym

-metrical
n =

= cos
m —\( 2£-r

(m)(|,?7) — <
sin(w-l)0 ra= 2,3,4,...

where the chordwise angular coordinate is defined as

The chordwise angular coordinate 6 is not to be con-
fused with the control surface rotation angle 0(y).

Downwash Integral Equation

The downwash-pressure integral equation is formulated
using the preferred solution process previously described
for evaluating the loadings on lifting surfaces having dis-
continuous downwash distributions.

The matrix form of the equation is given as

(28)

The first matrix on the left hand side represents an
array of values defining the kinematic downwash at prese-
lected collocation stations distributed over the surface.
The second matrix represents an array of downwashes
evaluated at the same stations using a known pressure
distribution that provides the same discontinuities that
are contained in the kinematic distribution.

The calculated downwash distribution is subtracted
from the kinematic distribution to form a modified distri-
bution that is smooth and -continuous. Integral equation
solutions using the modified distribution as new boundary
conditions are obtained by the direct assumed mode solu-
tion process.

The spanwise integral on the left hand side is evaluated
using logarithmic quadratures in the vicinity of the down-
wash chord to evaluate the spanwise singularity that has

been previously identified. The singularities are removed
from the integral on the right hand side and evaluated in-
dividually since a meaningful Taylor series expansion may
be made for the continuous pressure distributions used in
the direct solution process.

The expression defining the mathematical discontin-
uous downwash distribution represented by the second
term on the left hand side of Eq. (28) is given by the fol-
lowing:

s*-y* Di'(x,y)~\\— -TJ——»jr ————— /s n y -f] -I */.(»?)

(;y,:y) (29)
where Cs(y,ri) and CnsCy,T/) represent the chordwise inte-
grals due to the singular and nonsingular parts of the ker-
nel function and are given as

Cs(y,ri)=f 'gs

Cns(y,ri) =/

The Cis(y,y) and Di8(y,y) terms are due to the Hsu in-
tegration process where the chordwise integral at 77 = y
and the spanwise derivative are removed from the inte-
grand and are defined as

where

C 2
s ( y , y ) =

ln

The mathematical continuous downwash distributions
represented by the last term of Eq. (28) are evaluated by
removing the spanwise singularity from the integrand to
produce an integrand that is smooth and continuous and
easily evaluated by a few spanwise quadrature terms. The
singularities are identified by developing a Taylor series
expansion of ^Pr(^^)e-ik(x-^, and performing the
chordwise integration as indicated in a previous section.

The expression defining the mathematical continuous
downwash distributions represented by the last term of
Eq. (28) is given as
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LOCATION OF PRESSURE
, ORIFICES

0.25 CHORD LINE

Fig, 8 Experimental planform of NACA RM L53C23 (dimen-
sions in inches).

«———0.41m———J

LOCATION OF PRESSURE
ORIFICES

Fig. 10 Experimental planform of Ref. 11 (dimensions in me-
ters).

=/ V -T?2)1/2/r(7?) C8'(y,

where

C 2
r ( y , y ) + rr(x,y)

r,)D3(x,y)]

yD{(X,y) + Z>2(*,

The subscript r denotes that smooth and continuous
pressure distributions are being used in this integral eval-
uation.

Csr(y,Ti) and Cn/(y,7;) represents the chordwise inte-
grals due to the singular and nonsingular parts of the ker-
nel function.

where gr(£,7?) are the regular lifting surface pressure dis-
tributions.

The Cir(y,y) and Dir(jc,y) terms are due to the Hsu
singularity subtracting process and defined as

rr(x,y) =

£>-tfe(xr

> 1

f n . ( 2 x - ( x
+ arcsinl——^VL 2 A 26(

The D2(x,y) and Ds(x,y) terms are due to subtracting
the spanwise logarithmic singularities from the integrand
and are defined as

B2 dD2(x,y) = y -^lgr(t,y)e-ik(*-()](=x -

e EXPERIMENT (REF. 10)
—— THEORY

1.0 .02
ROOT

Fig. 9 Chordwise pressure distributions for partial-span flap
deflected by d = 10% a = 0° at M = 0.60 and k = 0.

ACp

• EXPERIMENT ( REF. 11)
—— THEORY

.466 Y/S

Fig. 11 In-phase chordwise pressure distributions (Ai.f. = 0°,
A0.t. = 0.66°, A = 0°, k = 0.372, and M ~ 0.
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EXPERIMENT (REF. 11)

THEORY

.466 Y/S

Fig. 12 Out-of-phase chordwise pressure distributions.

D3(x,y) = - f-

Numerical evaluation of the above downwash integrals
is accomplished by subdividing the integration intervals
into small regions and applying integration quadrature
formulas appropriate to the function characteristics.
Gaussian quadrature formulas containing unity, square-
root, and logarithmic weight functions are extensively
used in the integral evaluations.

Theoretical-Experimental Comparisons

This section presents pressure distributions resulting
from analysis of two wing-control surface configurations
for which experimental data are available for comparison.

Steady-State Results for a Partial-Span Flap Configuration

The partial-span control surface configuration shown in
Fig. 8 represents the experimental planform of Ref. 10 to
obtain chordwise pressure distributions due to a steady
flap deflection. Pressures were obtained along a stream-
wise chord located at the 46% semispan station. The
hingeline gap was sealed providing a one-to-one basis for
comparing theoretical and experimental results.

Theoretical pressures were obtained along various
streamwise chords spaced over the semispan and are
shown in Fig. 9. The comparison indicates that the exper-
imental pressures are accurately predicted by the theoret-
ical technique over the length of the chordwise strip for-
ward of the hingeline. The theoretical distribution over
the control surface are only slightly larger than the experi-
mental values.

Unsteady Pressure Comparison

The side-by-side control surface configuration is shown
in Fig. 10 for which unsteady pressures are obtained for
various combination of flap deflections. The experimental
model had small open gaps at the hingelines and at the
side edges that will not provide a one-to-one basis in the
comparison of the theoretical-experimental results in re-
gions near the gaps.

Figures 11 and 12 present comparisons of theoretical
and experimental pressure distributions for a mode shape
in which the outer flap is oscillating and the inner flap
and wing are maintained in a stationary position.

There is good agreement between the theoretical and
experimental results in all areas except in localized re-
gions near the hingelines. The experimental values are
less than the theoretical values forward of the hingeline
and slightly greater than the predicted values aft of the

ACp .06

EXPERIMENT(AVA FB 7025)

THEORY (ZERO THICKNESS
BOUNDARY CONDITION)

THEORY (FINITE THICKNESS
BOUNDARY CONDITION)

Y/S = O.28

Fig. 13 In-phase pressure distributions predicted by zero
thickness and finite thickness boundary conditions.

hingeline. The variations near the hingeline are attributed
to open gap effects at the hingeline.

Suggested Modification of Boundary Conditions

From an operational standpoint, it appears that if a
local linearization is used, that is if the linearized bound-
ary conditions W/V are modified to include local velocities
due to airfoil thickness the resulting theoretical pressure
distributions will simulate the physical flow conditions
more accurately. That is, the boundary condition of the
integral equation is obtained from the definition

V Dt VL tit dx dt

where Zj represents the displacement of the sufface and is
a function of time (t). dx/dt is usually taken to be equal
to the remote velocity V, and for a zero thickness airfoil
section this may be correct. However, physical experi-
ments are conducted on finite thickness airfoil sections
having local velocities that are not uniform over the chord
length. Consequently, the dx/dt term should represent the
local flow velocity VLQCai at collocation stations in making
a comparison between theoretical and real flow results.
VLocai is defined as being the steady streamwise velocity
distribution that differs from V due to thickness effects
only, and may be obtained from experimental results or
by using the theoretical distributions of Ref. 12.

A numerical experiment was conducted to investigate
the effects of local linearization on the pressure distribu-
tions. The experiment was conducted on configuration of
Fig. 10 and using the (VLocai/V) distribution of Ref. 12 to
modify the boundary conditions. Results of this investiga-
tion are presented in Fig. 13.

It appears that the pressure distributions obtained by
the assumed mode approach using the preferred solution
process and modifying the boundary conditions due to
local velocities will provide predictions of the unsteady
loadings that give reasonably good agreement with experi-
mental results.
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Flowfield Analysis for Successive Oblique Shock
Wave-Turbulent Boundary-Layer Interactions

Chen-Chih Sun* and Morris E. Childst
University of Washington, Seattle, Wash.

A computation procedure is described for predicting the flowfields which develop when successive
interactions between oblique shock waves and a turbulent boundary layer occur. Such interactions
may occur, for example, in engine inlets for supersonic aircraft. Computations have been carried
out for axisymmetric internal flows at Mm = 3.82 and 2.82. The effect of boundary layer bleed has
been considered for the Mm = 2.82 flow. A control volume analysis is used to predict changes in the
flow field across the interactions. Two bleed flow models have been considered. A turbulent bounda-
ry layer program has been used to compute changes in the boundary layer between the interactions.
The results given are for flows with two shock wave interactions and for bleed at the second inter-
action site. In principle the method described may be extended to account for additional interac-
tions. The predicted results are compared with measured results and are shown to be in good agree-
ment when the bleed flow rate is low (on the order of 3% of the boundary layer mass flow), or when
there is no bleed. As the bleed flow rate is increased, differences between the predicted and mea-
sured results become larger. Shortcomings of the bleed flow models at higher bleed flow rates are
discussed.

Nomenclature

A = i[(7-l)/2] Mez/(Tw/Te)\m
a - a constant in the wall-wake profile
B = \(l+[(y-l)/2]Me*)/(Tw/Te)\ - 1
C = a constant in the Law of the Wall (usually equals 5.1)
Cf = skin friction coefficient, rw/(l/2)peue

2

IBX I = x-momentum of the bleed flow
K = a constant in the Law of the Wall (usually equals 0.4)
L = shock wave-boundary layer interaction length
M = Mach number
rnB = boundary layer mass bleed rate
P = pressure
R = radial coordinate from tunnel centerline
RB = radial coordinate of dividing stream surface separating bleed

flow from main flow, (see Fig. 3)
Re = Reynolds number
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= velocity in stream wise direction
= van Driest's generalized velocity, (ue/A) arcsin j [(2A2u/ue)

- B]/(B2 + 4A2)1/2!
= friction velocity, (r^/p^)1/2

= axial coordinate, measured from shock generator tip
= coordinate normal to the tunnel wall
= ratio of specific heats
= a thickness of freestream flow to allow for boundary layer

mass entrainment, (see Fig. 3)
= boundary layer thickness
= displacement thickness of the boundary layer
=y/<5
= momentum thickness of the boundary layer
= kinematic viscosity
= coefficient of the wake function
= mass density

u
u*

ur
x
y
7

V
II
p
a
r

Subscripts
e = conditions at the edge of the boundary layer
w = conditions at the wall
00 = freestream conditions ahead of the first interaction

Introduction

THE interaction of an oblique shock wave with a turbu-
lent boundary layer is known to induce drastic changes in
the boundary-layer properties and to cause substantial de-

= shear stress


